We investigate the stability analysis of Schwarzschild black hole in Einstein-scalarGauss-Bonnet (ESGB) theory because the instability of Schwarzschild black hole without scalar hair implies the Gauss-Bonnet black hole with scalar hair. The linearized scalar equation is compared to the Lichnerowicz-Ricci tensor equation in the EinsteinWeyl gravity. It turns out that the instability of Schwarzschild black hole in ESGB theory is interpreted as not the tachyonic instability, but the Gregory-Laflamme instability of black string. In the small mass regime of 1/λ < 1.174/r + , the Schwarzschild solution becomes unstable and a new branch of solution with scalar hair bifurcates from the Schwarzschild one. This is very similar to finding a newly non-Schwarzschild black hole in Einstein-Weyl
1 Introduction R = 0 is zero outside the horizon as well asR → 0 at infinity and on the inner boundary at the horizon [14] , they have found the non-Schwarzschild black hole solution which crosses the Schwarzschild solution at the bifurcation point. In this theory, the instability of Schwarzschild black hole was determined by solving the Lichnerowicz equation for the linearized Ricci tensor (so-called Lichnerowicz-Ricci tensor equation) [15, 16, 14] . It has shown that the small black hole in Einstein-Weyl gravity is unstable against s(l = 0)-mode of Ricci tensor perturbation, while the large black hole is stable [17] . Actually, this was confirmed by comparing the Lichnerowicz-Ricci tensor equation with the linearized Einstein equation around a five-dimensional black string where the Gregory-Laflamme (GL) instability appeared [18] . In exploring a non-Schwarzschild black hole solution, a static eigenfunction of Lichnerowicz operator has two crucial roles in Einstein-Weyl gravity [19] : a role of perturbation away from Schwarzschild black hole along a non-Schwarzschild black hole and the other role of threshold unstable mode lying at the edge of a domain of GL instability for a small Schwarzschild black hole. We expect that the same thing happens to the black holes found in ESGB theories.
In this work, we will investigate a close connection for instability of black holes found between ESGB theory and Einstein-Weyl gravity. The linearized scalar equation around Schwarzschild black hole in ESGB theory is surely compared to the Lichnerowicz-Ricci tensor equation around Schwarzschild black hole in the Einstein-Weyl gravity. It turns out that the instability of black hole in ESGB theory is interpreted as the GL instability of black string, even though one uses the linearized scalar equation. In the small mass but not extreme curvature regime, the black hole solution becomes unstable and a new branch of solution with scalar hair bifurcates from the Schwarzschild black hole without scalar hair. This is very similar to finding a non-Schwarzschild black hole with Ricci tensor hair in Einstein-Weyl gravity. Importantly, this will be interpreted as a scalar theory version of the GL instability for a black hole without hair.
ESGB theory
Let us start with the ESGB theory [2] 
where φ is the scalar field with a potential V φ and a coupling function f (φ), λ is the GB coupling constant having inverse mass dimension, and R 2 GB is the GB term defined by
In this work, we choose V φ = 0, but not choose a specific form for f (φ). Instead, we would like imposing the conditions of f ′ (φ)| φ=0 = 0 and f ′′ (φ)| φ=0 = 1 and thus, it admits
. Other examples appeared in Ref. [20] . From the action (1), we derive the Einstein equation
where G µν = R µν − (R/2)g µν is the Einstein tensor and Γ µν is given by
with
On the other hand, the scalar field equation takes the form
Choosing φ = 0 and f ′ (φ)| φ=0 = 0, one finds the Schwarzschild solution from (3) and
with r + = 2M. Notice that (7) indicates the black hole solution without scalar hair.
For the stability analysis, we need the two linearized equations which describe the metric perturbation h µν and scalar perturbation δφ propagating around (7). They are derived by linearizing (3) and (6) as
Here the overbar(¯) denotes computation based on the background spacetime (7). Importantly, we note that "− 
where C µνρσ is the Weyl tensor. This theory implies the trace no-hair theorem of R = 0.
Considering the Schwarzschild black hole (7) and linearizing the Einstein equation leads to the Lichnerowicz-Ricci tensor equation for the traceless and transverse Ricci tensor δR µν
where the Lichnerowicz operator on the Schwarzschild background is given by
Here, we emphasize that Eq. (11) is the tensor counterpart to the linearized scalar equation (9) . Actually, Eq.(11) describes a massive spin-2 mode (δR µν ) with mass m propagating on the black hole background. Rewriting Eq. (11) as (2α∆ L + γ)δR µν = 0, one may recover the linearized Einstein equation δR µν = 0 in the limit of α → 0.
Instability of black hole without scalar hair
Performing the stability analysis of the black hole, one uses firstly the linearized Einstein equation (8) . It turned out that the black hole is stable when making use of the ReggeWheeler prescription [11, 12] . In this case, a massless spin-2 mode starts with l = 2.
Now, let us consider the linearized scalar equation (6) . Considering
and introducing a tortoise coordinate r * = r+r + ln(r/r + −1) defined by dr * = dr/(1−r + /r), the radial equation of (9) leads to the Schrödinger-type equation
where the potential V (r) is given by
Moreover, introducing the negative scalar potential
in Eq.(1), the tachyonic scalar potential takes the form
which induces the tachyonic instability [3] because the sufficient condition for instability
drV t (r)/(1 − r + /r) < 0) is always satisfied with any mass m 2 T > 0. In Minkowski spacetimes, the tachyonic scalar equation takes the form ofφ
. This is an origin of instability arisen from the tachyonic mass.
In the case of s(l = 0)-mode, from the condition of
may introduce a sufficient condition of an unstable bound for a mass parameter of scalar
However, (17) is not a necessary and sufficient condition for instability. Observing Fig. 1 together with r + = 1, one finds that three potentials V (r) have negative regions near the horizon but they become positive after crossing the r-axis. Surely, these are not types of Regge-Wheeler potentials which are positive definite outside the horizon [11, 12] . It might show a new feature of instability, but the threshold of instability depends on the numerical computations. Importantly, we find a similar behavior from the Zerlli-type potential V z (r) = (1 − In addition, we would like to mention that such potentials exist around neutral black holes (black holes without charge) in higher dimensions and the S-deformation used to prove the stability of neutral black holes [22] . This implies that the stability analysis based on the shape of the potential is regarded as a delicate issue. On the other hand, the tachyonic 
which may allow an exponentially growing mode of e Ωt (ω = iΩ) as an unstable mode. Here we choose two boundary conditions: a normalizable solution of u(∞) ∼ e −Ωr * at infinity and a solution of u(r + ) ∼ (r − r + ) Ωr + near the horizon. By observing Fig. 2 together with r + = 1, 2, 3, we read off the unstable bound for scalar mass parameter (1/λ) as
which implies that the threshold of instability is located at r + = r c ≈ 1.174 which is greater than 1.095 (sufficient condition for instability). This corresponds to the bifurcation point. Choosing λ = 1, the Schwarzschild black hole will be unstable if its horizon radius satisfies the bound r + < r c ≈ 1.174.
This implies that the Schwarzschild black hole whose radius is less than the critical radius at the bifurcation point becomes unstable, whereas the black hole whose radius exceeds the critical radius at the bifurcation point is stable.
On the other hand, from Fig. 3 based on Eq. (11), the GL instability mass bound for the s(l = 0)-mode of linearized Ricci tensor δR tr in Einstein-Weyl gravity was given by [17, 14] 0 < m < m th ≈ 0.876
Here, selecting m = 1, one finds the bound for unstable (small) black holes [19] r + < r c ≈ 0.876. 
Static scalar perturbation
In this section, we wish to develop the other criterion on checking the instability bound (20) . This can be achieved by exploring the static scalar solutions to the linearized equation (9) on the background of Schwarzschild black hole. Considering the expression (13) with ω = 0(Ω = 0), the radial equation of (9) for u(r) can be rewritten as
Introducing a new coordinate z = can be rewritten as
which is independent of horizon radius r + . Here we focus on obtaining the s(l = 0)-mode solution. Because of the absence of analytic solution, one has to find a numerical solution.
For this purpose, we firstly consider the near-horizon Taylor expansion for u(z) as
which can be used to set data just outside the horizon for a numerical integration from the horizon to the infinity. Here we note that the coefficients u On the other hand, an asymptotic form of u(z) near z = ∞ is given by
Similarly, we find the relations of u (1) = u ∞ /2 and u (2) = u ∞ /3. (19) with Ω = 0 is found only when the parameter λ takes a specific value r + /λ ≈ 1.174 (threshold of instability=the edge of domain of instability).
In other words, the n = 0 scalar mode without zero represents a stable black hole, while the n = 1, 2 scalar modes with zero denote unstable black holes. This shows that one may classify the black hole into unstable and stable black holes by solving the static linearized scalar equation (25) without considering exponentially growing mode of e Ωt .
Finally, we note that the Schwarzschild solution without scalar hair (φ = 0) is allowed for any value of λ, while the black hole solution with scalar hair (φ = 0) exists when λ/r + (λ 2 /M 2 ) belongs to a set of scalarization bands [3] . The key of instability is the appearance of zeros in the scalar profiles. Actually, the discrete set corresponds to the right-end values of scalarization bands for black hole with scalar hair. This shows a close connection between instability of black hole without scalar hair and appearance of black hole with scalar hair.
Discussions
First of all, we summarize similar properties for black holes in ESGB theory and EinsteinWeyl gravity in Table 1 . This shows a strongly similar connection for Schwarzschild black hole between ESGB theory and Einstein-Weyl gravity even though two theories are different.
The s-mode of scalar perturbation around the Schwarzschild black hole induces the GL instability for the mass bound of 1/λ < 1.174/r + in ESGB theory, while the s-mode of Ricci tensor perturbation around the Schwarzschild black hole induces the instability for the mass bound of m < 0.876/r + in Einstein-Weyl gravity. Also, the instability of Schwarzschild black hole without scalar hair implies the Gauss-Bonnet black hole with scalar hair in ESGB theory as the instability of Schwarzschild black hole without Ricci-tensor hair leads to the non-Schwarzschild black hole with Ricci hair in Einstein-Weyl gravity.
From this observation, we conclude that the instability of the Schwarzschild black hole in ESGB theory is interpreted as a scalar theory version of the GL instability for a small black hole in the tensor theory of Einstein-Weyl gravity. This instability dose not belong to the tachyonic instability because the scalar potential V (r) is similar to V z (r) in (18) in Ref. [19] , but it is quite different from V t (r) of the tachyon as was shown in Fig. 1 . BH with hair scalar hair in Refs. [2, 3] Ricci-tensor hair in Ref. [13] 
